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Abstract: We study generalisations of ghost-free bimetric theory which involve more than
two spin-2 fields. The consistent interactions can enter in the form of two different couplings
and in the majority of this work we concentrate on the simpler one. The corresponding action
involves one metric coupled to N tensor fields which do not interact with each other. We
derive maximally symmetric solutions to the multimetric equations of motion and identify
the mass eigenstates in the linearised theory around these backgrounds. Our results are then
applied to the problem of singling out multimetric models which possess certain additional
structures. In particular, we look for a relation between scale invariant background solutions,
the perturbative emergence of Weyl invariance and the presence of partially massless spin-2
fields in the linear theory. Our findings generalise known results in bimetric theory and allow
us to point out similarities and differences between the bi- and multimetric models.
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1 Introduction
1.1 Background and motivation
General relativity is the nonlinear field theory for a self-interacting massless spin-2 field.
For fields with spin 0, 1/2 and 1, which make up the Standard Model of Particle Physics,
it has long been known how to construct mass terms and how to couple the fields to the
massless graviton. The corresponding models are all realised in nature. In the spin-2 case it
is much more difficult to write down a mass term and interactions with gravity. The reason
for this complication is that generic descriptions of massive spin-2 field, like many other
modifications of general relativity, are inconsistent in the sense that they contain unwanted
additional degrees of freedom (“ghosts”) leading to instabilities.
In 1939, Fierz and Pauli succeeded in constructing the linear (i.e. non-interacting) theory
for massive spin-2 fields in flat space [1]. Unfortunately, all attempts to extend this description
by nonlinear interactions for the field failed and in 1972 Boulware and Deser presented a
theorem stating that any interacting theory for massive spin-2 fields would suffer from a fatal
ghost instability [2]. This result was essentially trusted until 2010, when de Rham, Gabadadze
and Tolley discovered a loophole in the assumptions entering the proof by Boulware and
Deser. Based on the preceding analyses of Ref. [3, 4], they proposed a nonlinear theory
for a self-interacting massive spin-2 field [5, 6]. Shortly after, it was confirmed that this
theory for massive gravity indeed avoids the problematic ghost instability [7–10]. Since then,
nonlinear massive gravity has been argued to suffer from problems related to acausality and
superluminality [11, 12]. Moreover, the ghost-free action involves a non-dynamical reference
metric in addition to the massive spin-2 degrees of freedom, which seems somewhat unusual
from a field theoretical perspective. Trying to give a meaning to the reference metric, Hassan
and Rosen demonstrated that it can be given its own dynamics without reintroducing the
Boulware-Deser ghost, which resulted in the first consistent bimetric theory [13]. This fully
dynamical theory for two tensor fields describes the nonlinear interactions of a massive and
a massless spin-2 field. For a certain class of solutions the zero-mass limit in massive gravity
is discontinuous [14, 15]. This discontinuity can be avoided in certain energy regimes by the
means of nonlinear effects [16] and, as has recently been shown, it is absent on other types of
solutions [17]. On the other hand, bimetric theory possesses a smooth general relativity limit
with universal validity [18, 19]. Earlier work on bimetric theories includes Ref. [20–26].
Due to these achievements in recent years, our understanding of field theories for massive
spin-2 fields has significantly improved and the ghost-free theories have been the subject of
many investigations, including applications to cosmology. For an exhaustive list of references,
we refer the reader to the review articles [27–29].
One of the most obvious continuative questions is whether one can also construct theo-
ries involving more than two tensor fields. It is an established result that consistent theories
with more than one interacting massless spin-2 field cannot exist1[31], but no such strong
1Note however that in three spacetime dimensions a theory of interacting massless spin-2 fields has been
– 2 –
statement has been made for massive fields. Hinterbichler and Rosen were the first to study
generalisations of ghost-free bimetric theory involving more than one massive spin-2 field [32].
They worked in the vierbein formulation and proposed generalised vertices for multiple vier-
bein interactions which generically could not be rewritten in terms of metric variables (see
also Ref. [33–35]). It later turned out that in general such couplings suffer from the Boulware-
Deser ghost [36], while some particular interaction terms considered in Ref. [32] still avoid the
instability. The consistent models possess a formulation in terms of metrics and are essen-
tially built from multiple copies of the ghost-free bimetric action. The interactions come in
two different structures which we will refer to as “chain” and “centre” couplings throughout
this paper. In particular, couplings of several metrics in a loop are forbidden.2 The consis-
tent models have recently been studied by Ferreira, Noller and Scargill [38–40] whose main
focus lied on the so-called decoupling limit and the identification of energy scales relevant for
the effective field theory picture. Moreover, the cosmology of three interacting metrics was
investigated in [41].
Nonlinear massive gravity, bimetric and multimetric theory all possess an intrinsic strong-
coupling scale and should be interpreted as effective theories valid below this scale (see, for
instance, [40]). It is therefore worth mentioning that, in principle, there exists a larger class
of spin-2 theories whose low-energy regimes are free from ghost instabilities. Here we choose
to focus on actions that do not propagate ghosts on any scale at the classical level and this
is what we refer to when we use the phrases “consistent” or “ghost-free”.
In this work we shall revisit the two classes of ghost-free multimetric couplings and
generalise several results obtained in bimetric theory to models with more than one massive
spin-2 field. We begin by giving a very brief and non-technical overview of Hassan and Rosen’s
bimetric theory, focussing on properties that we intend to recover in multimetric interactions.
1.2 Short review of bimetric theory
The classically consistent bimetric action, containing Einstein-Hilbert terms and interactions
for two tensor fields gµν and fµν , is given by,
S[g, f ] = m2g
∫
d4x
(√
g R(g) + α2
√
f R(f)− 2m2V (g, f ;βn)
)
, (1.1)
in which m2g and α
2m2g are the respective Planck masses and m sets the mass scale of inter-
actions. The potential is required to have a specific structure in order to avoid the Boulware-
Deser ghost instability and contains five free parameters βn. Its explicit form will be provided
in the context of multimetric theory later on.
The equations of motion obtained from the bimetric action are of the form,
Gµν(g) +m2Vµν(g, f ;βn) = 0 , Gµν(f) + m
2
α2
Vµν(f, g;β4−n) = 0 , (1.2a)
constructed in the Chern-Simons formulation of gravity [30].
2In fact, it was already noticed in Ref. [32] and also in [33, 34, 37] that the loop couplings are not consistent.
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where Gµν(g) = Rµν(g) − 12gµνR(g) is the Einstein tensor, obtained from varying the ki-
netic terms, and Vµν denotes the contributions arising from the interaction potential. The
simplest solutions to these equations are the proportional backgrounds, f¯µν = c
2g¯µν with
constant c. They correspond to maximally symmetric Einstein metrics g¯µν whose curvatures
satisfy Rµν(g¯) = Λg¯µν . Around these backgrounds it is straightforward to compute the mass
spectrum of bimetric theory. One decomposes the metrics into background and small fluc-
tuations, gµν = g¯µν + δgµν and fµν = c
2g¯µν + δfµν , and linearises the equations of motion
in δgµν and δfµν . The resulting expressions can be diagonalised into two sets of decoupled
equations of the form [42],
E¯ ρσµν δGρσ = 0 , E¯ ρσµν δMρσ − m
2
FP
2
(
δMµν − δMg¯µν
)
= 0 , (1.3)
where δGµν ≡ δgµν + α2δfµν and δMµν ≡ δfµν − c2δgµν . The two-derivative operator E¯ ρσµν ,
whose precise form will be given later, arises from linearising the Einstein tensor and cos-
mological constant contributions. The contributions proportional to m2FP come from the
interaction potential and vanish for m = 0. The two sets of equations in (1.3) describe a
massless and a massive spin-2 field, respectively, propagating on maximally symmetric back-
grounds g¯µν . The Fierz-Pauli mass mFP and the background curvature Λ are both functions
of the parameters in the bimetric action.
The symmetries of the linear spin-2 equations above are well-known. The massless equa-
tions are invariant under linearised diffeomorphisms, ∆(δGµν) = ∇¯µξν + ∇¯νξµ, where ∇¯ is
the covariant derivative compatible with the background metric g¯µν . This gauge symmetry
reduces the number of physical degrees of freedom in δGµν to two. Generically, the massive
equations do not possess any symmetries and propagate the five helicity states of the massive
spin-2 field δMµν .
Additional structure: Around de Sitter backgrounds with Λ > 0, it is possible for the
massive spin-2 equations to exhibit a scalar gauge invariance under particular circumstances.
Namely, if a special relation of mass and cosmological constant is imposed,
m2FP =
2
3Λ , (1.4)
the equations for δMµν in (1.3) are invariant under the following local transformations with
gauge parameter φ(x) [43, 44],
∆(δMµν) = ∇¯µ∂νφ+ Λ3 φg¯µν . (1.5)
Spin-2 fields whose mass lies on the so-called Higuchi bound (1.4) have been dubbed “partially
massless” (PM).3 The additional gauge symmetry in their equations removes their helicity-
zero mode and thereby reduces the number of propagating degrees of freedom to four. For
recent work on PM fields see [46–50].
3For mass values below the Higuchi bound, m2FP <
2
3
Λ, the helicity-zero mode of the spin-2 field is a
ghost [45]. The partially massless line therefore separates the unitary from the non-unitary region in the
(m2FP,Λ)-plane of the linear spin-2 theory.
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An example for a bimetric model whose linear theory contains a PM field has been
suggested in Ref. [51] and was further analysed in Ref. [52]. Besides satisfying the Higuchi re-
lation (1.4) at the linearised level, this particular model seems to possess a remarkable amount
of additional structure, even in its nonlinear interactions. For instance, its proportional back-
ground solutions are invariant under constant scale transformations. By this we mean that
the proportionality constant c2 in f¯µν = c
2g¯µν is not determined by the equations of motion
and can therefore be shifted arbitrarily [51]. Moreover, as shown in Ref. [53], the nonlinear
equations of motion in this model can be recast as perturbative expansions in curvatures (or
derivatives) and the lowest order of these expansions is invariant under local Weyl transfor-
mations of the metrics. The symmetry transformations can be extended perturbatively, at
least up to sixth order in derivatives [54].
The relations between scale invariance of the maximally symmetric solutions, perturbative
Weyl invariance and partial masslessness at the linear level are not fully understood. One
motivation for our present analysis is to see whether these properties are a coincidence in
bimetric theory or whether they can be found also in multimetric interactions, which would
suggest the existence of a deeper underlying reason.
1.3 Outline of strategy and summary of results
The two consistent types of ghost-free multimetric interactions coincide for models involving
up to three fields. In the presence of more fields, we focus on the simpler and more symmetric
coupling, in which one central tensor field interacts with N other fields through copies of
bimetric interactions. For this type of coupling we derive solutions in which all fields are
maximally symmetric Einstein metrics and proportional to each other. The mass spectrum of
linear fluctuations around these backgrounds is analysed and we calculate the exact solutions
for the mass eigenvalues in the case N = 2. For general N we obtain expressions for the
spin-2 mass eigenstates whose eigenvalues correspond to the roots of a polynomial equation
of order (N + 1). As expected from the nonlinear Hamiltonian analysis [32], the linear theory
generically contains one massless and N massive spin-2 modes. Moreover, we show that the
solutions to the eigenvalue equation greatly simplify when certain symmetry conditions on
the interaction parameters are imposed.
We then use these results to identify models with certain additional structures, in analogy
to the bimetric case. Focussing on the case N = 2, we first demand scale invariance of
the proportional background solutions. This requirement translates into conditions on the
interaction parameters which, in contrast to bimetric theory, do not lead to a unique model
but leave us with a subset of free parameters. Our procedure can also be applied to general N
and we use it to explicitly derive (highly symmetric) examples of models with scale invariant
backgrounds.
Next, starting again from the most general action for three interacting tensor fields,
we try to recast the equations in the form of perturbative expansions in curvatures. This
turns out to be possible only for a rather restricted set of solutions for which the interactions
separate into two bimetric couplings. With this restriction, we derive the expansions and then
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require their lowest orders to be invariant under local Weyl transformations. Remarkably,
the resulting conditions on the interaction parameters are identical to those obtained in
demanding scale invariant proportional backgrounds. In the case of general N , we show
that the most symmetric models derived by requiring scale invariance also lead to expansions
whose lowest orders are Weyl invariant.
Finally, we verify that, for the set of models derived via the two independent procedures,
one of the linear mass eigenstates possesses an eigenvalue which satisfies (1.4). It is therefore
a partially massless spin-2 field whose equations are invariant under transformations of the
form (1.5). As in bimetric theory, imposing the Higuchi bound (1.4) alone does not uniquely
lead to the models with scale invariance and perturbative Weyl symmetry. The remaining
linear massive fields in the spectrum violate the Higuchi bound and therefore lead to non-
unitarities.
Our findings are visualised in Figure 1 and constitute a direct generalisation of the situ-
ation in bimetric theory. The only difference is that the resulting bimetric model is unique,
whereas the potential for three metrics still contains free parameters.
Scale invariance  
of proportional  
backgrounds
Weyl invariance 
at lowest order 
in perturbative solutions
Partially massless 
symmetry in  
linear theory
Figure 1. The equivalence of demanding either scale invariance of the proportional backgrounds
or perturbative Weyl symmetry. In both cases the mass spectrum contains a PM field. This chart
describes the established relations for two and three interacting metrics. For more fields we suspect
(but do not conclusively prove) it to look the same.
Our paper is organised as follows. We begin with a review of consistent multimetric
interactions in section 2 and from there on focus on the simpler type of coupling. The
proportional background solutions and their mass spectrum are derived in section 3. In
section 4 we apply methods known from the bimetric case to identify multimetric models
with the desired additional structures. Our findings are discussed in section 5. Appendix A
contains technical details in the derivation of the curvature expansions and some properties
of the second type of consistent coupling are discussed in appendix B.
2 Multimetric theory
Several different analyses have shown that the only ghost-free couplings for more than two
tensor fields are simply copies of the consistent bimetric potential. For instance, the results
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of Ref. [32, 36] obtained for the vierbein formulation of bimetric theory imply the absence
of additional couplings for several metrics.4 Analogous arguments given purely in terms of
metrics can be found in Ref. [29, 33, 34]. As already mentioned in the introduction, ghost-free
multimetric interactions can be categorised into two different sets. In this section we review
these two types of couplings for an arbitrary number of interacting tensor fields.
2.1 Action with centre couplings
Throughout this paper we will mostly work with the first type of consistent coupling for
(N + 1) tensor fields which is of the form,
Scentre[g, f
i] = m2g
∫
d4x
(
√
g R(g) +
N∑
i=1
α2i
√
f i R(f i)− 2m2
N∑
i=1
V (g, f i;β(i)n )
)
. (2.1)
This action contains the spin-2 mass scale m as well as (N +1) Planck masses, parameterised
as αimg for i = 1, . . . N , where mg is the Planck mass for the metric gµν which sits in the
centre of the coupling. In this model, the N fields f iµν all interact with gµν but not directly
with each other. The potential therefore consists of multiple copies of bimetric interactions
and each term in the sum has the functional form,
V (g, f ;βn) =
√
g
4∑
n=0
βnen
(√
g−1f
)
. (2.2)
It is precisely this form of interactions that also enters the ghost-free bimetric action (1.1).
The complete potential in (2.1) contains 5N free parameters β
(i)
n as well as the elementary
symmetric polynomials en which are scalar-valued functions of a matrix S, defined via the
recursion relation,
en(S) =
(−1)n+1
n
n−1∑
k=0
Tr(Sn−k)ek(S) , with e0(S) = 1 . (2.3)
Their matrix element is the square-root Sµν =
(√
g−1f
)µ
ν
which satisfies (S2)µν = gµρfρν .
Note that, since e4(S) = detS, the cosmological constant for each f
i
µν is parameterised by
β
(i)
4 . Moreover, since e0(S) = 1, the corresponding term for gµν is given by the sum of all
β
(i)
0 and one can set all but one of them to zero without loss of generality. We shall do so
in the explicit calculations but, in order to treat the interactions in more symmetric manner,
we keep them in most of our general expressions. The remaining 3N parameters β
(i)
n with
n = 1, 2, 3 measure true interactions between the two tensor fields. The potential (2.2) is
invariant under the simultaneous interchange of gµν ↔ fµν and βn 7→ β4−n, which implies
that in bimetric theory the two tensors are treated on equal footing.
4More precisely, the authors of Ref. [36] argued that implementing the so-called symmetric vielbein condition
is crucial for the absence of ghost. This observation rules out the more general vielbein couplings suggested
in Ref. [32] and leaves only the two types of couplings considered in our present work. We will not repeat the
details of the (rather technical) arguments here but refer the reader to the original references.
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Figure 2. Graph for a centre coupling. The lines represent direct interactions among two tensor fields
through the ghost-free potential. The fields themselves are shown as black dots.
The centre coupling is visualised in Figure 2. It is not possible to introduce additional
couplings between two of the “satellite metrics” f iµν because such terms would destroy the
constraints that remove the Boulware-Deser ghosts [32, 34, 36]. In general, any type of “loop
coupling” is forbidden in multimetric theory. Nevertheless it is worth mentioning that, before
this definite conclusion was reached, some work had been done on cosmology with spin-2
fields coupled in a loop [55, 56].
The structure of the multimetric action with centre coupling is invariant under the fol-
lowing interchange of any two satellite metrics f iµν and f
j
µν , along with a simultaneous swap
of parameters,
α2i f
i
µν ←→ α2jf jµν ,
βin
αni
←→ β
j
n
αnj
, i, j = 1, . . . N . (2.4)
These (N − 1)! invariances are simply a manifestation of the fact that all f iµν enter the action
in a symmetric way, whereas the central metric gµν assumes a distinguished position. It is
easy to see that couplings in which all (N+1) metrics can be treated symmetrically necessarily
introduce loops and are therefore inconsistent. The only exception is the bimetric case with
N = 1. Note, however, that (2.4) is not a true discrete symmetry of the action because it
also involves changing the parameters. Only models in which the parameters are fixed in a
symmetric way show this higher degree of symmetry.
Varying the action (2.1) with centre couplings with respect to the fields gµν and f
i
µν
results in the following (N + 1) sets of equations,
Gµν(g) +m2
N∑
i=1
Vµν(g, f
i;β(i)n ) = 0 , (2.5a)
Gµν(f i) + m
2
α2i
Vµν(f
i, g;β
(i)
4−n) = 0 , i = 1, . . . , N . (2.5b)
Here, Gµν(g) = Rµν(g)− 12gµνR(g) denotes the Einstein tensor and the contributions coming
from the interaction potential are of the following form [57],
Vµν(g, f ;βn) = gµρ
3∑
n=0
(−1)nβn(Y(n))ρν(S) . (2.6)
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They contain matrix valued functions (Y(n))
ρ
ν(S) defined as,
(Y(n))
ρ
ν(S) =
n∑
k=0
(−1)kek(S)(Sn−k)ρν , Sρν =
(√
g−1f
)ρ
ν
, (2.7)
and also enter the bimetric equations (1.2). Hence, the above multimetric equations are
simply a straightforward generalisation of the well-known bimetric case as well. The structure
of interactions is such that gµν appears in all (N + 1) sets of equations, while each f
i
µν shows
up only in its own equations and in those for gµν .
2.2 Action with chain couplings
The other type of coupling for N tensor fields which does not introduce the Boulware-Deser
ghosts has the form,
Schain[g
i] = m2g
∫
d4x
(
N∑
i=1
α2i
√
gi R(gi)− 2m2
N∑
i=2
V (gi, gi−1;β(i)n )
)
. (2.8)
This action contains N Planck masses αimg. The interactions are again simple copies of (2.2)
with (N − 1) sets of parameters βin. Each tensor field giµν with i = 2, . . . , N − 1 interacts
with two others, gi±1µν . The two fields at the end of the chain, g1µν and gNµν only possess
interactions with one other field. Observe that, again, it is not possible to close the loop
and let g1µν interact with g
N
µν . Also all types of other additional interactions among the g
i
µν
are forbidden because they would create loops and render the theory inconsistent. Note also
that the parameters βi0 are degenerate with β
i−1
4 , but in order to keep the description more
symmetric, we allow for this degeneracy here. The chain coupling is displayed in Figure 3.
Figure 3. Graph for a chain coupling.
The structure of the chain coupling does not possess a simple invariance under a set of
individual interchange symmetries as in (2.4). It is however however symmetric under a
reflection of the whole chain which interchanges g1µν with g
N
µν , g
2
µν with g
N−1
µν , etc. Explicitly,
this invariance reads,
α2i g
i
µν ←→ α2N−igN−iµν ,
βin
αni
←→ β
N−1
4−n
α4−nN−1
, ∀ i = 1, . . . N . (2.9)
This is only one interchange symmetry in total whereas, as we saw above, the structure of the
centre coupling possesses (N−1)! such invariances. In this sense, the centre coupling possesses
a higher degree of symmetry. As a consequence, the analysis of multimetric properties, such
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as the derivation of maximally symmetric background solutions and the mass spectrum, tends
to be more difficult for the chain coupling.
The equations of motion for the chain coupling read,
Gµν(gi) + m
2
α2i
(
Vµν(g
i, gi−1;β(i)n ) + Vµν(g
i, gi+1;β
(i+1)
4−n )
)
= 0 , (2.10a)
for i = 2, 3, . . . N − 1 ,
Gµν(g1) + m
2
α21
Vµν(g
1, g2;β
(2)
4−n) = 0 , (2.10b)
Gµν(gN ) + m
2
α2N
Vµν(g
N , gN−1;β(N)n ) = 0 . (2.10c)
These are again expressed in terms of the Einstein tensors Gµν and the potential contributions
are of the same functional form as in (2.6). The first (N − 2) sets of equations arise from
varying the action with respect to the fields in the middle of the chain, whereas the last two
come from the metrics that sit on its ends. Note that each metric giµν only appears in the
equations of its direct neighbours.
2.3 A few additional remarks
Before we get started to analyse multimetric interactions, let us note that the most general
consistent multimetric actions combine the chain with the centre couplings, as depicted in
Figure 4. Each of the legs may itself be coupled to additional metrics through chain or centre
interactions.
Figure 4. A consistent combination of centre and chain couplings.
Observe also that in bimetric theory with two metrics the two types of couplings coincide.
This is still true for the consistent action of three interacting metrics: One can imagine their
couplings either as a chain of three fields or as two fields interacting with one in the centre.
Since this “trimetric” case is already nontrivial and captures the structure of both types of
couplings, we will frequently use it as an example for the general case of an arbitrary number
of interacting tensor fields. In fact, all our definite results will be obtained for the case of
three interacting metrics.
In the majority of this paper, we will focus on the centre coupling because it is significantly
simpler to analyse. Analogous computations for the chain couplings turn out to be much
more complex and we will comment on them in appendix B. For the same reason, we will not
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discuss combined couplings like those in Figure 4 in this work. Moreover, we will concentrate
on vacuum solutions to the multimetric equations of motion and therefore neglect couplings
to matter. We restrict the analysis here to d = 4 spacetime dimensions; note that in higher
dimensions additional kinetic terms (which are topological or vanish in d = 4) need to be
considered [58, 59].
3 Maximally symmetric solutions and mass spectrum
We will now derive the proportional background solutions in multimetric theories and discuss
the mass spectrum of small perturbations around them. Our method is a direct generalisation
of the bimetric analysis performed in Ref. [42, 59].
Before we get started let us make a brief comment on an interesting feature of the bimet-
ric equations of motion (1.2), pointed out in Ref. [19]. Namely, as soon as one of the metrics,
say gµν , is assumed to be an Einstein metric with Rµν(g) = λggµν , then the equations imply
that the second metric has to be Einstein, too, i.e. Rµν(f) = λffµν . In the case where two out
of the three interaction parameters βn vanish, the equations furthermore imply that then the
two metrics are proportional to each other, fµν = c
2gµν , and that the cosmological constants
satisfy λg = c
2λf . For general interaction parameters, the two background curvatures need
not be related in this way and the metrics can be non-proportional Einstein backgrounds. It
is quite straightforward to generalise these results to multimetric interactions. The outcome
is that if all but one metric in the equations for the centre coupling (2.5) or for the chain cou-
pling (2.10) are assumed to be Einstein, then the last one has to be an Einstein metric as well.
In general, the corresponding solutions will be non-proportional Einstein backgrounds, which
we shall not discuss any further in this work. Instead we focus on the case of proportional
metrics which allow for a well-defined mass spectrum at the perturbative level.
3.1 Three metrics
In order to get a feeling for the general structure, which is identical for any number of metrics
interacting in a centre coupling, we start by discussing the simplest nontrivial case with two
tensor fields coupled to a third one in the centre. Hence in this section we will work with the
simplest generalisation of the ghost-free bimetric action,
S[g, f, h] = m2g
∫
d4x
(
√
g R(g) + α2f
√
f R(f) + α2h
√
h R(h)
− 2m2V (g, f ;βfn)− 2m2V (g, h;βhn)
)
. (3.1)
It includes three metrics gµν , fµν and hµν , whose interactions involve two sets of parameters
βfn and βhn and read,
V (g, f ;βfn) =
√
g
4∑
n=0
βfnen
(√
g−1f
)
, V (g, h;βhn) =
√
g
4∑
n=0
βhnen
(√
g−1h
)
. (3.2)
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In these, βf0 and β
h
0 both multiply the same term proportional to
√
g and are therefore
degenerate. As remarked upon earlier, the trimetric potential can either be interpreted as a
chain of three fields with fµν and hµν sitting at the end of the chain, or we can regard it as a
centre coupling with gµν being the central metric. The trimetric theory thus corresponds to
the action (2.1) with N = 2 and to the action (2.8) with N = 3.
3.1.1 Proportional backgrounds
In terms of the respective Einstein tensors Gµν , the equations of motion are,
Gµν(g) +m2
(
Vµν(g, f ;β
f
n) + Vµν(g, h;β
h
n)
)
= 0 , (3.3a)
Gµν(f) + m
2
α2f
Vµν(f, g;β
f
4−n) = 0 , Gµν(h) +
m2
α2h
Vµν(h, g;β
h
4−n) = 0 , (3.3b)
where the Vµν are given through the matrix functions Y
(n) as in (2.6). In the simplest class
of solutions to these equations the three metrics are all proportional to each other. In order
to analyse these backgrounds, we make the following ansatz,
fµν = c
2
fgµν , hµν = c
2
hgµν , (3.4)
with proportionality constants c2f and c
2
h that will be determined by the equations. As in the
bimetric case, the Bianchi constraints obtained from taking the divergences of the equations,
would imply that c2f and c
2
h are constant even if we had assumed a coordinate dependence to
start with. On the proportional ansatz, the equations simply reduce to,
Gµν(g) + gµν
(
Λ(βfn, cf ) + Λ(β
h
n, ch)
)
= 0 , (3.5a)
Gµν(c2fg) + gµνΛ˜(βfn, cf , αf ) = 0 , (3.5b)
Gµν(c2hg) + gµνΛ˜(βhn, ch, αh) = 0 , (3.5c)
where the cosmological constants are functions of the parameters in the action as well as the
proportionality constants in the ansatz,
Λ(βn, c) = m
2
(
β0 + 3β1c+ 3β2c
2 + β3c
3
)
, (3.6a)
Λ˜(βn, c, α) =
m2
α2c2
(
β1c+ 3β2c
2 + 3β3c
3 + β4c
4
)
. (3.6b)
The trimetric equations of motion thus become three sets of Einstein’s equations and ac-
cordingly the solutions are maximally symmetric Einstein backgrounds. As already stated
above, applying the same arguments as for bimetric theory in Ref. [19], it is easy to see that,
for general interaction parameters, the trimetric theory also allows for additional maximally
symmetric solutions which are non-proportional. We concentrate on the proportional back-
grounds because they are the only ones that allow for a definite mass spectrum in terms of
spin-2 states.
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Since the Einstein tensor is scale invariant, Gµν(c2g) = Gµν(g) for any constant c2, we
can build differences of the above equations and derive two conditions on the cosmological
constants,
Λ(βfn, cf ) + Λ(β
h
n, ch) = Λ˜(β
f
n, cf , αf ) and Λ˜(β
f
n, cf , αf ) = Λ˜(β
h
n, ch, αh) . (3.7)
Consistent background solutions need to satisfy these polynomial equations for c2f and c
2
h.
Hence, the two conditions determine the values for the two proportionality constants in terms
of the parameters in the trimetric action and this fully specifies the solution.
3.1.2 Mass eigenstates
Owing to the presence of the square-root matrix in the interaction potential, the linearised
equations of motion around general backgrounds have a rather complicated form [60–62]. For
the proportional solutions of the previous subsection, however, the structure simplifies and
deriving the spectrum of mass eigenstates is straightforward.
We first perturb the background metrics according to gµν = g¯µν+δgµν , fµν = c
2
f g¯µν+δfµν
and hµν = c
2
hg¯µν + δhµν . Then we linearise the trimetric equations (3.3) in the perturbations
which gives,
E¯ ρσµν δgρσ −m2Af
(
δSfµν − δSf g¯µν
)−m2Ah(δShµν − δShg¯µν) = 0 , (3.8a)
E¯ ρσµν δfρσ + m
2
α2f
Af
(
δSfµν − δSf g¯µν
)
= 0 , (3.8b)
E¯ ρσµν δhρσ + m
2
α2h
Ah
(
δShµν − δShg¯µν
)
= 0 , (3.8c)
Here we have expressed the contributions coming from the interaction potential in terms of
the following two linear combinations of fluctuations,
δSfµν ≡
1
2cf
(
δfµν − c2fδgµν
)
, δShµν ≡
1
2ch
(
δhµν − c2hδgµν
)
. (3.9)
They enter the equations in the Fierz-Pauli combination (δSµν − δSg¯µν), as appropriate for a
spin-2 mass term, c.f. equation (1.3). The kinetic structure is captured by the following two-
derivative operator, in which we have also included all cosmological constant contributions
coming from kinetic and potential terms,
E¯ ρσµν δgρσ = 12
(
δρµδ
σ
ν∇¯2 − δσν∇¯µ∇¯ρ − δσµ∇¯ν∇¯ρ + g¯µν∇¯σ∇¯ρ
+ g¯ρσ∇¯µ∇¯ν − g¯µν g¯ρσ∇¯2 − 2Λδρµδσν + Λg¯µν g¯ρσ
)
δgρσ . (3.10)
This operator is given in terms of g¯µν in all three sets of equations. In addition to their
appearance in the background cosmological constant (3.6), the interaction parameters enter
the linearised equations in the following combinations,
Af ≡ βf1 + 2cfβf2 + c2fβf3 , Ah ≡ βh1 + 2chβh2 + c2hβh3 . (3.11)
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Recall that in all expressions the proportionality constants cf and ch should be regarded as
functions of trimetric parameters, determined by the background conditions in (3.7). The
system (3.8) is a direct generalisation of the bimetric case, which formally corresponds to
setting Ah to zero and neglecting the equation of motion (3.8c) for δhµν .
In order to find the mass eigenstates, we need to build linear combinations of the fluctu-
ations in such a way that each of them satisfies a decoupled set of Fierz-Pauli equations as
in (1.3). By inspecting the system (3.8), we see that this task is equivalent to diagonalising
the following 3× 3 mass matrix,
M = m2

Afcf +Ahch − Af cfα2f −
Ahch
α2h
−Afcf
Af
α2f cf
0
−Ahch 0
Ah
α2hch
 , (3.12)
whose eigenvalues will correspond to the masses of the spin-2 states. Deriving the character-
istic equation for the eigenvalues µ2 of M is straightforward,
0 = det
(
µ21−M) = µ2(µ4 + pµ2 + q) . (3.13)
Here we have used the abbreviations,
p = −Af
(
cf +
1
α2fcf
)
m2 −Ah
(
ch +
1
α2hch
)
m2 , (3.14)
q =
AfAh
α2fα
2
hcfch
(
1 + α2hc
2
h + α
2
fc
2
f
)
m4 . (3.15)
The mass eigenvalues correspond to the roots of (3.13), which are directly obtained as,
µ20 = 0 , µ
2
± = −p2 ±
√(p
2
)2 − q . (3.16)
As expected, the spectrum contains one massless spin-2 mode and two massive ones. The
masses of the latter are complicated functions of the trimetric parameters and generically
different from each other.
The eigenvectors ~v(µ2) corresponding to the above mass values are obtained from solving
the eigenvalue equation, M · ~v = µ2~v. This leads to the following result for the components
of ~v, up to an overall normalisation,
v1 = 1 , v2 =
Afα2f
Af − α2fcfµ2/m2
, v3 =
Ahα2h
Ah − α2hchµ2/m2
, (3.17)
where we have assumed Af 6= α2fcfµ2/m2 and Ah 6= α2hchµ2/m2, which is true for generic pa-
rameters in the action. The exception will be discussed below. The massless spin-2 eigenstate
δGµν and the two massive states δM
±
µν thus correspond to the following linear combinations
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of the original variables,
δGµν = δgµν + α
2
fδfµν + α
2
hδhµν , (3.18)
δM+µν = δgµν +
Afα2f
Af − α2fcfµ2+/m2
δfµν +
Ahα2h
Ah − α2hchµ2+/m2
δhµν , (3.19)
δM−µν = δgµν +
Afα2f
Af − α2fcfµ2−/m2
δfµν +
Ahα2h
Ah − α2hchµ2−/m2
δhµν . (3.20)
In summary, we have found that the mass spectrum of three interacting metrics can be
explicitly computed and the linearised equation are diagonalised into one equation for a
massless and two equations for massive spin-2 fields,
E¯ ρσµν δGρσ = 0 , (3.21)
E¯ ρσµν δM±ρσ −
µ2±
2
(
δM±µν − δM±g¯µν
)
= 0 , (3.22)
with Fierz-Pauli masses µ2± given in (3.16).
A simplification: In order to derive the above mass eigenstates, we had to make a restric-
tive assumption on the eigenvalues which shall now be relaxed. That is to say, we now assume
the existence of an eigenvalue µ2 such that either Af = α2fcfµ2/m2 or Ah = α2hchµ2/m2, in
which case the generic solutions in (3.17) do not exist. It is then straightforward to show that
for either of these values of µ2 the characteristic equation (3.13) implies that the parameters
must satisfy 1
α2f cf
Af = 1α2hchAh ≡ A. As a consequence, the mass eigenstates assume the
following simple forms,
δGµν = δgµν + α
2
fδfµν + α
2
hδhµν , (3.23)
δM1µν = δfµν −
c2f
c2h
δhµν , δM
2
µν = α
2
fδfµν + α
2
hδhµν − (α2fc2f + α2hc2h)δgµν . (3.24)
Their corresponding mass eigenvalues are,
µ20 = 0 , µ
2
1 = Am2 , µ22 = Am2
(
1 + α2fc
2
f + α
2
hc
2
h
)
. (3.25)
Clearly, this very simple solution only exists for a specific choice of interaction parameters
tuned to ensure 1
α2f cf
Af = 1α2hchAh. An example for such a choice would be to set βf =
α2f
α2h
βh
and focus on the case cf = ch, which is now a solution to the second condition in (3.7). We
will encounter this very symmetric situation again in section 4.1.1.
3.2 Centre coupling
In the following we generalise the analysis of the trimetric theory to N fields f iµν coupled
to a central metric gµν . The corresponding action was given in (2.1). The results for the
background solutions and mass eigenstates turn out to be straightforward generalisations of
those found for three metrics. The mass eigenvalues are roots of an Nth order polynomial
equation and can easily be computed by hand in a simplified example.
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3.2.1 Proportional backgrounds
In the equations of motion (2.5) for (N + 1) metrics in a centre coupling, we make an ansatz
for proportional backgrounds which reads,
f iµν = c
2
i gµν , i = 1, . . . , N , (3.26)
with proportionality constants c2i . On this ansatz the equations reduce to (N + 1) copies of
Einstein’s equations,
Gµν(g) + gµν
N∑
k=1
Λ(β(k)n , ck) = 0 , Gµν(f i) + gµν Λ˜(β(i)n , ci, αi) = 0 . (3.27)
The cosmological constants are of the same functional form as in (3.6). Using again the
scale invariance of the Einstein tensor, Gµν(c2i gµν) = Gµν(gµν), we then obtain the following
consistency conditions on the proportionality constants,
N∑
i=1
Λ(β(i)n , ci) = Λ˜(β
(j)
n , cj , αj) , j = 1, . . . , N . (3.28)
These constitute N polynomial equations which determine all c2i and thus fully specify the
solution. From now on we can think of ci as given in terms of multimetric parameters.
3.2.2 Mass eigenstates
As in the trimetric case, we proceed by studying the linear theory around proportional back-
grounds. Decomposing gµν = g¯µν + δgµν and f
i
µν = c
2
i g¯µν + δf
i
µν , we obtain the linearised
equations for the metric perturbations as,
E¯ ρσµν δgρσ −m2
N∑
i=1
Ai
(
δSiµν − δSig¯µν
)
= 0 , (3.29)
E¯ ρσµν δf iρσ +
m2
α2i
Ai
(
δSiµν − δSig¯µν
)
= 0 , i = 1, . . . , N . (3.30)
Here, for i = 1, . . . , N , we have defined the linear combinations of fluctuations,
δSiµν ≡
1
2ci
(
δf iµν − c2i δgµν
)
, (3.31)
which appear in the contributions from the interaction potential with Fierz-Pauli structure.
The kinetic operator is the same as in (3.10), defined in terms of the background metric g¯µν
and the cosmological constant of the background equations (3.27). The interaction parame-
ters enter the linearised equations through the cosmological constant as well as the familiar
combinations,
Ai ≡ β(i)1 + 2ciβ(i)2 + c2iβ(i)3 , i = 1, . . . , N . (3.32)
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In order to find the spin-2 mass eigenstates we now need to solve the eigenvalue equation for
an (N + 1)× (N + 1) matrix with the following structure,
M = m2

∑N
i=1Aici − A1c1α21 −
A2c2
α22
. . . − AN cN
α2N
−A1c1 A1α21c1 0 . . . 0
−A2c2 0 A2α22c2 . . .
...
...
...
. . . 0
−ANcN 0 . . . 0
AN
α2hcN

. (3.33)
This is a straightforward computation, completely analogous to the trimetric case, and the
mass eigenstates corresponding to eigenvalues µ2k turn out to be the following linear combi-
nations of the original fluctuations,
δGµν = δgµν +
N∑
i=1
α2i δf
i
µν , (3.34a)
δMkµν = δgµν +
N∑
i=1
Aiα2i
Ai − α2i ciµ2k/m2
δf iµν , k = 1, . . . , N , (3.34b)
where the first combination δGµν has the eigenvalue µ
2
0 = 0. Note that in order to arrive
at the expressions for the massive states, we had to assume Ai 6= α2i ciµ2k/m2 for all i and
all µ2k. The above result implies that the equations can be diagonalised into one equation for
a massless and N equations for massive spin-2 fields,
E¯ ρσµν δGρσ = 0 , (3.35a)
E¯ ρσµν δM iρσ −
µ2i
2
(
δM iµν − δM ig¯µν
)
= 0 , i = 1, . . . , N . (3.35b)
The Fierz-Pauli masses µ2k are the solutions to the characteristic equation, det(µ
21−M) = 0,
of the (N + 1) × (N + 1) matrix M. Since it is straightforward to isolate the eigenvalue
µ20 = 0 and divide the characteristic equation by µ
2, the remaining eigenvalues correspond to
the roots of an Nth order polynomial.
A simplification: In the case with (N + 1) metrics it is not obvious that assuming one
eigenvalue to equal one of the 1
α2i ci
Ai will automatically imply that 1α2i ciAi =
1
α2jcj
Aj for all
i, j. In the trimetric case this followed from the characteristic equation, which now has a
more complicated form and provides just one constraint that most likely cannot fix all 1
α2i ci
Ai
to be equal. Nevertheless, let us assume here that 1
α2i ci
Ai = 1α2jcjAj ≡ A for all i, j and study
this restrictive parameter choice as an example for the cases excluded in the derivation of
the mass eigenstates (3.34b). The eigenstates are now simply the massless one, δGµν as in
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(3.34a), along with N massive fields given by the following simple expressions,
δM iµν = δf
i
µν −
c2i
c2i+1
δf i+1µν , i = 1, . . . N − 1 , (3.36)
δMNµν =
N∑
i=1
(
α2i δf
i
µν − α2i c2i δgµν
)
. (3.37)
The corresponding mass eigenvalues take on the form,
µ2i = Am2 , i = 1, . . . N − 1 , (3.38)
µ2N = Am2
(
1 +
N∑
i=1
α2i c
2
i
)
. (3.39)
We will encounter an application for this simplified example in section 4.1.2.
4 Models with additional structure
In this section we will derive particularly interesting parameter choices which allow the multi-
metric models to possess additional structure, possibly even an enhanced symmetry. Several
different methods have been developed to identify such special models in massive gravity and
bimetric theory [51–54, 59, 63, 64] and we will employ two of them here to study the case
of (N + 1) tensor fields in a centre coupling. For three metrics, we demonstrate that both
methods lead to the same set of models, which reduces to one unique model if interchange
symmetry among the satellite metrics is imposed.
4.1 Scale invariance of proportional backgrounds
The first method that we shall apply has been developed in Ref. [51, 59]. It is based on
the proportional background solutions in bimetric theory and aims to single out models for
which these backgrounds are invariant under constant scalings. The main motivation of those
references was the linear gauge symmetry of a partially massless spin-2 field in de Sitter
backgrounds and the question whether this symmetry could be extended to the nonlinear
level. A necessary requirement for such an extension is the possibility of transferring the
constant part of the linear gauge transformation from the fluctuations to the background,
resulting in the mentioned scale invariance (see [51] for a detailed derivation of this criterion).
It should be emphasised that this requirement is necessary but not sufficient for the existence
of a symmetry beyond the constant curvature backgrounds.
Since then, many other works have argued against the possible realisation of nonlinear
partial masslessness [52, 64–68]. It is therefore very likely that a theory involving only spin-2
degrees of freedom will not be able to deliver a description of interacting partially massless
fields. On the other hand, the inclusion of additional fields could potentially circumvent
the problems. A recent suggestion is based on the bimetric potential identified in [51] and
– 18 –
includes an additional vector field [69]. Another interesting approach is to consider a full
tower of higher-spin states [70].
Here, we choose not to use partial masslessness as our main motivation but simply employ
the known methods to look for additional structure. At this stage it is not obvious whether
the multimetric potentials with these special properties will be helpful for further studying
nonlinear interactions of partially massless fields. Nevertheless, as we shall see, the models
that we identify in the following do propagate partially massless fields around their maximally
symmetric solutions. The linear theory is therefore invariant under the additional gauge
theory but we do not make any claims about possible nonlinear extensions in what follows.
4.1.1 Three metrics
As before, we start with the illustrative example of three metrics for which the proportional
background solutions with fµν = c
2
fgµν and hµν = c
2
hhµν were derived in section 3.1.1. Let us
remind the reader that the equations of motion implied two conditions (3.7) on the cosmo-
logical constants whose expressions were given in (3.6). These constraints read,
Λ(βfn, cf ) + Λ(β
h
n, ch) = Λ˜(β
f
n, cf , αf ) and Λ˜(β
f
n, cf , αf ) = Λ˜(β
h
n, ch, αh) . (4.1)
Usually, they determine the two proportionality constants (cf , ch) and thereby fully specify
the solution to the equations of motion. We would now like to require the backgrounds to
be invariant under a constant scale transformation. This means that one of (cf , ch) must
be undetermined by the equations such that it can be shifted in an arbitrary way and still
result in a valid background configuration.5 In other words, suppose that we have solved
one of the above constraints for ch as a function of cf and that then the second constraint is
satisfied identically and does therefore not determine cf . In this case, any value for cf is a
solution to the equations of motion and its shifts constitute an invariance of the proportional
backgrounds.
In order to see which parameter configurations lead to scale invariance, we thus start by
assuming a general functional dependence ch = F (cf ) and demand that cf be undetermined.
On this ansatz, the explicit form of the second constraint in (4.1) is,
α2hF (cf )
α2fcf
(
βf1 + 3β
f
2 cf + 3β
f
3 c
2
f + β
f
4 c
3
f
)
= βh1 + 3β
h
2F (cf ) + 3β
h
3F (cf )
2 + βh4F (cf )
3 . (4.2)
For general parameters, we would have to solve this cubic polynomial equation for F (cf )
which is possible but not very illuminating. The crucial point is that the final equation for
cf (corresponding to the first constraint in (4.1)) will generically not be of polynomial form
and therefore contain and determine cf , regardless of the parameter choice. However, the
non-polynomial contributions are removed if and only if we choose,
βf1 = β
h
1 = β
f
3 = β
h
3 = 0 . (4.3)
5It is straightforward to see that two such invariances cannot exist since one of (cf , ch) will always be
determined by the equations.
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In this case, the above constraint straightforwardly yields the simple quadratic solution,
F (cf )
2 =
α2h
βh4α
2
f
(
3βf2 + β
f
4 c
2
f
)
− 3β
h
2
βh4
. (4.4)
Next, we use this expression to replace c2h in the second constraint in (4.1). This gives,
α2fβ
h
4β
f
0 + 9α
2
hβ
h
2β
f
2 − 9α2f (βh2 )2 − 3βf2βh4 +
(
3α2fβ
f
2β
h
4 + 3α
2
hβ
h
2β
f
4 − βf4βh4
)
c2f = 0 , (4.5)
where we have already set βh0 = 0 to remove the redundancy with β
f
0 . In general, this condition
contains and therefore determines cf . The proportionality constant remains undetermined
only if it drops out of the equation. This finally requires the following quadratic combinations
of parameters to vanish,
α2fβ
h
4β
f
0 + 9α
2
hβ
h
2β
f
2 − 9α2f (βh2 )2 − 3βf2βh4 = 0 , (4.6a)
3α2fβ
f
2β
h
4 + 3α
2
hβ
h
2β
f
4 − βf4βh4 = 0 . (4.6b)
These conditions determine two out of the five remaining parameters (βf0 , β
f
2 , β
f
4 , β
h
2 , β
h
4 ).
Hence the resulting action is not unique but still possesses three free parameters (with one of
them setting the overall interaction scale).
A simple example with additional symmetry: Suppose we had looked for a solution
with cf = ch ≡ c, which reflects the symmetry of the centre interactions with respect to the
satellite metrics. In this case, requiring c to be undetermined would have resulted in,
βhn =
(αh
αf
)2
βfn , n = 1, 2, 3, 4 ,
α2fβ
f
0 = 3β
f
2 , 3
(
α2h + α
2
f
)
βf2 = β
f
4 β
f
1 = β
f
3 = 0 , (4.7)
which is a particular solution to the general constraints (4.6). Note that all but one interaction
parameters (βfn, βhn) are now fixed and the one remaining free parameter merely sets the
overall scale of interactions. In other words, it comes as an overall factor in the trimetric
potential and could be absorbed into the scale m2. The corresponding action is therefore
uniquely determined with no more free parameters in its interaction potential. Defining
λ ≡ 3(α2h + α2f)βf2m2, we can write it as,
S[g, f, h] = m2g
∫
d4x
(
√
g R(g) + α2f
√
f
[
R(f)− 2λ
]
+ α2h
√
h
[
R(h)− 2(αhαf )2λ]
− 2βf2m2
√
g
[
3
α2f
+ e2
(√
g−1f
)
+
(
αh
αf
)2
e2
(√
g−1h
)])
. (4.8)
It is now easy to verify that the constraints on the interaction parameters in (4.7) imply an
invariance of the action under the interchange,
α2hhµν ←→ α2ffµν . (4.9)
Unlike the structural symmetry (2.4) which also requires a change in the parameters, this
discrete transformation is a true invariance of the above action.
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Mass spectrum: It is straightforward to verify that one of the massive spin-2 modes be-
comes partially massless for parameters that satisfy the relations (4.3) and (4.6). The quickest
way is to note that if we set,
µ2 =
2
3
Λ˜ =
1
α2fcf
(3βf2 cf + β
f
4 c
3
f ) , (4.10)
then the characteristic equation (3.13) for the eigenvalues µ2 of the mass matrix contains
a factor of (3α2fβ
f
2β
h
4 + 3α
2
hβ
h
2β
f
4 − βf4βh4 ), which vanishes due to (4.6b). This means that
µ2 = 23 Λ˜ is a mass eigenvalue for the above parameter choice and the corresponding linear
equation possesses the partially massless gauge symmetry.
For the simplified case with parameter values specified by (4.7) we can easily demonstrate
the presence of a partially massless mode explicitly. In this model, the parameter functions
Af and Ah, which appear in the Fierz-Pauli masses (3.16), satisfy the following identity,
1
α2hch
Ah = 1
α2fcf
Af = 2β
f
2
α2f
. (4.11)
We observe that this constitutes an example for the exceptional case which yields a very
simple mass spectrum, as we discussed at the end of section 3.1.2. The linearised equations
around the proportional backgrounds thus read,
E¯ ρσµν δGρσ = 0 , (4.12)
E¯ ρσµν δM iρσ −
µ2i
2
(
δM iµν − δM ig¯µν
)
= 0 , i = 1, 2 . (4.13)
where the mass eigenstates are the same as in (3.23) with cf = ch = c. Their corresponding
mass eigenvalues are,
µ20 = 0 , µ
2
1 =
2βf2
α2f
m2 , µ22 =
2βf2
α2f
m2
(
1 + α2fc
2 + α2hc
2
)
. (4.14)
Moreover, for our special parameter choice, the cosmological constant of the background,
R(g¯)µν = Λ˜g¯µν , assumes the following value,
Λ˜(βfn, c, αf ) =
3βf2m
2
α2f
(
1 + α2hc
2 + α2fc
2
)
. (4.15)
Comparing the mass eigenvalue µ22 to this cosmological constant, we find that they satisfy
the relation,
µ22 =
2
3
Λ˜ . (4.16)
We have thus explicitly verified that the mass of the field δM2µν is on the Higuchi bound and
the linear theory exhibits the linear gauge symmetry of a partially massless spin-2 field.
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Note that from (4.14) it follows that µ21 < µ
2
2. This implies that the second massive
spin-2 field violates the Higuchi bound and is non-unitary [45].6 More generally, the results
below will show that for N fields the spectrum contains (N−1) Higuchi ghosts. This problem
therefore seems to be a direct consequence of demanding constant scale invariance and can
only be avoided in pure bimetric theory with N = 1.
4.1.2 Centre coupling
We now repeat the analysis of the previous subsection for the case of N metrics f iµν coupled
to gµν in the centre. The proportional background solutions of this theory were derived in
section 3.2.1 and we recall the background conditions,
N∑
i=1
Λ(β(i)n , ci) = Λ˜(β
(j)
n , cj , αj) , ∀j = 1, . . . , N . (4.17)
In general these determine all proportionality constants and here we look for special parameter
choices for which one constant remains arbitrary. In principle one can apply the procedure
for three metrics iteratively and obtain all models with one undetermined proportionality
constant. This will result in actions with βi1 = β
i
3 = 0 for all i and the other parameters will
be constrained (but not fully determined) by a system of polynomial equations of order N .
We will not carry out this general computation explicitly. Instead we shall focus on the class
of simplified solutions for which all proportionality constant are equal, ci ≡ c ∀i, and require
that c is undetermined. This does not give all models with scale invariant backgrounds but,
since it treats all satellite metrics f iµν on equal footing, it is expected to result in the action
with the highest amount of symmetry.
For ci ≡ c, the condition that the right-hand side of (4.17) is the same for all j immediately
forces us to fix,
βin =
(
αi
αj
)2
βjn for n = 1, 2, 3, 4 and ∀i, j , (4.18)
in order to leave c undetermined. Then, evaluating (4.17) for j = 1 and requiring the
coefficients of any power of c to vanish yields,
α21β
(1)
0 = 3β
(1)
2 , 3β
(1)
2
N∑
k=1
α2k = β
(1)
4 β
(1)
1 = β
(1)
3 = 0 . (4.19)
As in the trimetric example, these constraints fix all the βin in terms of one remaining pa-
rameter which parameterises the overall interaction scale. It is also easy to verify that the
resulting action is invariant under the interchange of any two α2i f
i
µν . The above parameter
values are therefore a direct generalisation of our result for three metrics.
6We thank an anonymous referee for bringing this to our attention.
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Mass spectrum: Once more, the above parameter values correspond to the exceptionally
simple mass spectrum which we discussed at the end of section 3.2.2. In the corresponding
linearised equations (3.35) the mass eigenstates are those of (3.36) with ci = c for all i. The
masses of the massive fields are,
µ2i =
2βf2
α2f
m2 , i = 1, . . . N − 1 , µ2N =
2βf2
α2f
m2
(
1 + c2
N−1∑
k=1
α2k
)
(4.20)
Comparing the last of these to the cosmological constant which reads,
Λ˜ =
3βf2m
2
α2f
(
1 + c2
N−1∑
k=1
α2k
)
. (4.21)
we find that µ2N =
2
3 Λ˜. Hence δM
N
µν is a partially massless spin-2 field whose equations are
invariant under the gauge transformations (1.5).
4.2 Perturbative Weyl invariance
In this section we try to generalise the bimetric analysis of Ref. [53, 54] to multimetric theory
with centre coupling. In bimetric theory it is possible to derive two sets of effective equations,
each involving only one of the metrics, as an infinite expansion in curvatures/derivatives. It
then turns out that the unique model with scale invariant proportional backgrounds leads to
effective equations which start only at fourth order in derivatives. For instance, the equations
involving only gµν assume the form,
Bµν(g) +O
(
R3
)
= 0 . (4.22)
Here Bµν is a quantity quadratic in curvatures, known as the Bach tensor,
7 which under
local Weyl transformations of the metric, gµν 7→ φ(x)gµν with gauge parameter φ, transforms
covariantly, Bµν 7→ φ−1Bµν . Hence, the equations are invariant under these transformations
in their lowest order. Terms with more that four derivatives have been neglected. It turns
out that the (infinitesimal) Weyl transformations of the two metrics can be extended per-
turbatively by higher-derivative terms and leave the effective equations invariant at least up
to sixth order in derivatives [54]. Whether this construction works for all orders and can be
summed up into a closed expression with finite number of derivatives is still an open question.
In multimetric theory, it is in general not obvious how to obtain such effective higher-
derivative equations involving only one metric. The best we can do is to treat the interactions
as independent bimetric couplings and look for perturbative Weyl invariance under this re-
strictive assumption.
7The explicit expression for the Bach tensor is provided in (A.7). It appears in the equation of motion of
conformal gravity, which reads Bµν = 0 [71–73].
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4.2.1 Three metrics
Once more we begin with the illustrative example of three metrics gµν , fµν and hµν . Recall
that their equations of motion are of the form,
Gµν(g) +m2
[
Vµν(g, f ;β
f
n) + Vµν(g, h;β
h
n)
]
= 0 , (4.23a)
Gµν(f) + m
2
α2f
Vµν(f, g;β
f
4−n) = 0 , Gµν(h) +
m2
α2h
Vµν(h, g;β
h
4−n) = 0 , (4.23b)
The idea is now to obtain solutions for hµν and fµν from the gµν equations (4.23a) as well
as two different expressions for gµν from the fµν and hµν equations (4.23b), respectively. In
other words, we solve the equations for the metrics that do not appear with derivatives, such
that all manipulations are algebraical. The solutions obtained in this way will be infinite
perturbative expansions in curvature terms.
It is important to note that these manipulations are not equivalent to integrating out
the metrics because we are solving the wrong equations for hµν and fµν . It is therefore
not entirely clear how to interpret the resulting effective equations of motion for the metrics
derived below. In particular, our method only works at the level of equations of motion but
would not result in an equivalent action. The difference to the usual procedure of eliminating
fields from the action is discussed in detail in Ref. [53]. Addressing this issue in full detail
lies beyond the scope of the present manuscript.
Solving for gµν: Let us explain how the procedure works in the fµν equations; the manip-
ulations in the hµν equations will be entirely analogous. The details of our calculation can be
found in appendix A.1; here we just give a qualitative overview of the procedure. We start
by making the following perturbative ansatz for the square-root matrix S−1 =
√
f−1g,
(S−1)µν = bδ
µ
ν +
1
µ2f
(
b1P
µ
ν + b2TrP δ
µ
ν
)
+ 1
µ4f
(
d1(P
2)µν + d2TrP P
µ
ν + d3TrP
2δµν + d4(TrP )
2δµν
)
+O
(
P 3
µ6f
)
,
(4.24)
All terms on the right hand side are curvatures of the metric fµν , which we have also used to
raise indices and take traces. For later purpose, we have formulated the curvature expansion
in terms of the Schouten tensor,
Pµν(f) = Rµν(f)− 16fµνR(f) . (4.25)
The ansatz contains arbitrary (in general complex) coefficients b, bi, di, . . . which will be de-
termined when we plug it into the equations of motion. The mass scale suppressing the
higher-order terms is µf = m/αf .
Now we use (4.24) to replace all occurrences of gµν in the fµν equations and require the
coefficients of each type of term to vanish separately. This procedure fixes all coefficients
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in our ansatz. The resulting expression for S−1 can be squared to yield an expression for
gµν = fµρ(S
−2)ρν . The latter turns out to have the following structure,
gµν = b
2fµν + xgPµν + ygPµρP
ρ
ν + zg
[
1
3e2(P )δ
µ
ν − TrP Pµν
]
+O
(
P 3
µ6
)
. (4.26)
The exact expressions for the coefficients xg, yg and zg, which are now fixed in terms of
parameters in the trimetric action, can be read off from equation (A.1) in the appendix.
We can obtain an analogous solution for gµν from the hµν equation and it will have
the exact same form as (4.26) but with curvatures in terms of hµν , suppressing mass scale
m/αh and interaction parameters β
h
n instead of β
f
n. Up until now we have thus derived two
expressions for the central metric of the form gµν = gµν(f ;αf , β
f
n) and gµν = gµν(h, αh, β
h
n).
Solving for fµν and hµν: When trying to repeat the above steps in order to obtain pertur-
bative solutions for the two satellite metrics, we face an obstruction: The gµν equations (4.23a)
contain potential terms for both fµν and hµν and it is not possible to obtain a general pertur-
bative solution for either of the two. At this point, we will therefore make a rather restrictive
assumption on the type of solutions to consider. Namely, we split up (4.23a) in two separate
equations and require them both to be satisfied simultaneously. Essentially, we decide to let
one fraction of the Einstein tensor Gµν(g) enter the perturbative solution for fµν while the
other part should belong to hµν . The same is done for the β
f
0 terms (recall that we can set
βh0 = 0 without loss of generality), which also depend on gµν alone and can therefore enter
either of the two perturbative solutions. Thus we consider the following splits of these terms
in the gµν equations,
Gµν(g) = AGµν(g) + (1−A)Gµν(g) , βf0 = Bβf0 + (1−B)βf0 , (4.27)
with constants 0 < A < 1 and 0 < B < 1. Now we use only the first parts AGµν(g) and Bβf0
in obtaining the perturbative solution for fµν and the remaining terms for hµν . Thus we are
essentially working with two separate sets of equations of the form,
AGµν(g) +Bm2βf0 gµν + m2Vµν(g, f ;βfn)
∣∣∣
βf0=0
= 0 , (4.28a)
(1−A)Gµν(g) + (1−B)m2βf0 gµν + m2Vµν(g, h;βhn)
∣∣∣
βh0=0
= 0 . (4.28b)
The restriction 0 < A < 1 ensures that the sign in front of the kinetic term is maintained in
both of these.8 By assuming two separate expansions, we focus on solutions for which the
8Relaxing the assumptions 0 < A < 1 and 0 < B < 1 would mean that we did not simply split the
terms with pure gµν dependence but would enable the solutions for fµν to create extra terms which would
then have to be cancelled by terms coming from hµν . In this case we should also allow for such cancellations
among all other terms in the perturbative series for the satellite metrics. This would introduce many more free
parameters and no definite statements could be made in the following. We therefore exclude this possibility
here and restrict ourselves to simple separations of the coupling into two bimetric parts, which both contain
the Einstein tensor with the usual positive sign in front.
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couplings between (gµν , fµν) and (gµν , hµν) behave like two separate bimetric interactions.
Without this strong restriction it is not possible to arrive at the results below.
Following the exact same steps that lead us to the above solution for gµν , we then use
(4.28a) to derive an expression for fµν in terms of curvatures for gµν ,
fµν = a
2gµν + xfPµν + yf (P
2)µν + zf
[
1
3e2(P )δ
µ
ν − TrP Pµν
]
+O
(
P 3
µ6
)
. (4.29)
Here, the suppressing scale is µ2 = m2/A and the coefficients can be read off from equa-
tion (A.17) in the appendix. We have thus arrived at a perturbative expression of the form
fµν = fµν(g, β
f
n, A,B) and, in a completely analogous way, we obtain a solution of the form
hµν = hµν(g, β
h
n, A,B) from the remaining part of the gµν equation.
Effective equations for gµν: The next step is to use the perturbative expression (4.29)
and its analogue to eliminate fµν and hµν from their own equation of motion (4.23b). We
shall discuss this for the fµν equation, the hµν case is completely analogous. The detailed
calculation and the exact expressions can be found in appendix A.2, here we simply state
the qualitative result. Using (4.29) to replace all occurrences of fµν in its own equation of
motion, we arrive at the following effective equation for gµν ,
Λg gµν + r1Gµν + r2Pµν + r3Bµν
+ r4
[
(s1 + 2s2)P
ρ
µ Pρν − 2s2PPµν − s23 gµν
(
PρσP
ρσ − P 2) ]
− r5
[
3PPµν − 2P ρµ Pρν −
1
2
gµν(P
2 − PαβPαβ)
]
+O
(
P 3
µ6
)
= 0 . (4.30)
Here, all expressions are with respect to gµν and we have collected some four-derivative terms
into the Bach tensor Bµν which is defined in (A.7). The hµν equations will give analogous
results with parameters that we shall refer to as Λ˜g, r˜i and s˜i below.
Effective equations for fµν and hµν: Now we would also like to turn the gµν equa-
tions (4.23a) into effective equations for fµν and hµν . Since we have two different expressions
for gµν , one in terms of fµν and one in terms of hµν , this procedure is ambiguous. In the po-
tential contributions to (4.23a), it makes sense to replace the central metric by gµν(f ;αf , β
f
n)
in Vµν(g, f ;β
(f)
n ) and by gµν(h;αh, β
h
n) in Vµν(g, h;β
(h)
n ). This results in two separate ex-
pressions involving only fµν and only hµν , respectively, and any other replacement would
introduce nonlinear mixings between the two satellite metrics. The ambiguity arises in the
kinetic term Gµν(g) and also in the βf0 terms, which both only involve gµν . Hence we again
allow for an arbitrary split,
Gµν(g) = A′Gµν(g) + (1−A′)Gµν(g) , βf0 = B′βf0 + (1−B′)βf0 , (4.31)
with constants A′ and B′ which are not necessarily the same as in (4.27). Now we use
gµν(f ;αf , β
f
n) to replace gµν in A
′Gµν(g) and B′βf0 gµν . The effective equations that we derive
in this way are thus not unique for fixed interaction parameters but will depend on our choice
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for A′ and B′. The details of this computation are provided in appendix A.1. Here we simply
write down the resulting terms involving curvatures of fµν after gµν has been eliminated from
its equations (4.23a) following the above procedure. They have exactly the same structure as
in (4.30) but contain different coefficients,
Λf fµν + t1Gµν(f) + t2Pµν + t3Bµν
+ t4
[
(σ1 + 2σ2)P
ρ
µ Pρν − 2σ2PPµν − σ23 fµν
(
PρσP
ρσ − P 2) ]
− t5
[
3PPµν − 2P ρµ Pρν −
1
2
fµν(P
2 − PαβPαβ)
]
+O
(
P 3
µ6f
)
+ (hµν terms) = 0 . (4.32)
In the remaining terms of the gµν equations, we replace gµν by gµν(h;αh, β
h
n) and obtain an
entirely analogous expression in terms of hµν and its curvatures. It has the same form as the
fµν terms in (4.32), containing its own coefficients which we shall refer to as Λh, t˜i and σ˜i
below.
Weyl invariance: We would now like to find the parameter values for which the effective
equations, (4.30) and (4.32), exhibit Weyl invariance to lowest order in the expansion. The
details of this calculation can be found in appendix (A.3). Since neither the cosmological
constant term proportional to gµν nor any linear curvature terms proportional to Rµν and
gµνR can be invariant under Weyl transformations, these contributions have to vanish. We
therefore demand the following constraints on the expansion coefficients,
Λg = r1 = r2 = 0 , Λ˜g = r˜1 = r˜2 = 0 ,
Λf = t1 = t2 = 0 , Λh = t˜1 = t˜2 = 0 . (4.33)
From the explicit expressions in the appendix, it is obvious that these requirements automat-
ically imply,
r4 = r5 = 0 , r˜4 = r˜5 = 0 , t4 = t5 = 0 , t˜4 = t˜5 = 0 . (4.34)
Thus all terms in the effective equations except for the Bach tensor contributions vanish and
we are left with,
r3Bµν(g) +O
(
P 3(g)
µ6
)
= 0 , (4.35a)
t3Bµν(f) + t˜3Bµν(h) +O
(
P 3(f)
µ6f
)
+O
(
P 3(h)
µ6h
)
= 0 (4.35b)
Recall that in fact we obtain two copies of (4.35a), one from the fµν and one from the
hµν equations. To lowest order in derivatives, these equations are invariant under Weyl
transformations of all three metrics.
The requirements on the expansion coefficients in (4.33) translate into constraints on the
interaction parameters. As discussed in detail in the appendix, they can be shown to be
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equivalent to,
βf1 = β
f
3 = β
f
1 = β
f
3 = 0 , (4.36a)
α2fβ
h
4β
f
0 + 9α
2
hβ
h
2β
f
2 − 9α2f (βh2 )2 − 3βf2βh4 = 0 , (4.36b)
3α2fβ
f
2β
h
4 + 3α
2
hβ
h
2β
f
4 − βf4βh4 = 0 . (4.36c)
They also fix the splits of the gµν equations in (4.27) and (4.31) in the following way,
A = A′ =
3α2fβ
f
2
βf4
, B = B′ = 9(β
f
2 )
2
βf0 β
f
4
. (4.37)
We have therefore shown that, treating the trimetric coupling as two separate bimetric in-
teractions, we can arrive at effective equations with Weyl invariance at lowest order if and
only if the interaction parameters satisfy (4.36). Remarkably, these conditions are identical
to the constraints (4.3) and (4.6) which we found in demanding scale invariance of the pro-
portional backgrounds. This result suggests an intimate relation between scale invariance and
perturbative Weyl symmetry in trimetric theory.
4.2.2 Centre coupling
Some of the trimetric results can directly be generalised to the case N fields f iµν coupled to a
central metric gµν . Deriving the most general constraints on the parameters requires larger
computational effort which is beyond the scope of our present work. We therefore restrict
ourselves to the simplest solution which corresponds to an action with interchange symmetry
among the satellite metrics f iµν .
We solve each of the N equations of motions (2.5b) of the satellite metrics perturbatively
for gµν . These expressions are inserted into the equations (2.5a) of gµν , in which we split the
Einstein tensor and β10 term as,
Gµν(g) = 1∑N
k=1 α
2
k
(
α21Gµν(g) + α22Gµν(g) + . . . α2NGµν(g)
)
, (4.38)
β10gµν =
1∑N
k=1 α
2
k
(
α21β
1
0gµν + α
2
2β
1
0gµν + . . . α
2
Nβ
1
0gµν
)
. (4.39)
In the ith term as well as in the potential terms involving f iµν we use the perturbative solution
coming from the f iµν equations to eliminate gµν . Then we use the same split in order to obtain
perturbative solutions for each f iµν . Again it should be noted that this is a very restrictive
assumption and does not yield the most general solutions to the equations. Nevertheless, this
method will result in a set of effective perturbative equations. Their lowest orders assume
the form,
Bµν(g) +O
(
P 3(g)
µ6
)
= 0 , (4.40a)
t1Bµν(f
1) + t2Bµν(f
2) + . . .+ tNBµν(f
N ) +
N∑
i=1
O
(
P (fi)
3
µ6i
)
= 0 , (4.40b)
– 28 –
if and only if the interaction parameters satisfy
β(i)n =
α2i
α21
β(1)n , n = 1, 2, 3, 4 , i = 2, . . . N ,
α21β
(1)
0 = 3β
(1)
2 , 3β
(1)
2
N∑
k=1
α2k = β
(1)
4 β
(1)
1 = β
(1)
3 = 0 . (4.41)
These are exactly the same coefficients as in (4.18) and (4.19), which again relates the scale
invariance of the proportional backgrounds to the emergence of Weyl symmetry at the per-
turbative level. Of course we have been not completely general in this analysis for N metrics
and the result merely demonstrates that there exists a (very symmetric) parameter choice
that satisfies both requirements. Nevertheless, from our point of view it seems quite likely
that their equivalence is realised for any number of metrics.
5 Discussion
In this work we have analysed generalisations of ghost-free bimetric theory describing inter-
actions for multiple tensor fields. Our main focus has been on N fields coupled to one central
metric. For these models we have obtained the spectrum of mass eigenstates in terms of roots
to an Nth order polynomial equation. Under some additional symmetry assumptions, the
expressions for the mass eigenstates and eigenvalues assume a simple form which is a direct
generalisation of the bimetric case. An example for this simplification is a parameter choice
for which the multimetric action becomes symmetric in the interchange of any two satellite
metrics.
For N = 2 we have explicitly derived the complete parameter region for which the propor-
tional background solutions are invariant under constant scale transformations. We have then
shown that for the exact same parameter values it is possible to obtain perturbative solutions
to the equations of motion whose lowest orders are invariant under Weyl transformations of
the metrics. Let us comment on this outcome in a bit more detail.
In bimetric theory a similar result has been obtained and the corresponding parameter
constraints read [51, 53],
β1 = β3 = 0 , α
4β0 = 3α
2β2 = β4 . (5.1)
In this case the equivalent requirements of scale or Weyl invariance fix all interaction param-
eters in terms of one overall scale and the resulting model is symmetric in the interchange of
the two metrics. In contrast, the corresponding multimetric model specified by (4.36) is not
unique but still contains two free parameters plus the overall scale. Only if in addition we
demand interchange symmetry among the two satellite metrics, we arrive at the unique set of
parameters (4.7). The interactions in this particular model look a bit similar to the bimetric
ones but they do not simply correspond to two copies of (5.1). Note however that, even
for general N , all models with scale invariant proportional backgrounds share the property
β
(i)
1 = β
(i)
3 = 0 for all i.
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In demanding scale invariance of the proportional backgrounds our analysis is completely
general. In the derivation of the perturbative solutions to the equations, however, we had to
make a restrictive assumption in order to arrive at separate expansions for each metric. The
equations for the central metric gµν contain both satellite metrics and therefore cannot yield
a general algebraical solution for one of them in terms of only gµν and its curvatures. In order
to arrive at such an expression, we had to split up the curvature terms for gµν and distribute
them among the two satellite metrics. This means that we have treated the centre coupling
as if it consisted of two separate bimetric couplings. The resulting solutions are not at all
general but without the restriction we cannot make any statement about the appearance of
Weyl invariance.
On the other hand, it is important to note that we are not simply dealing with two entirely
independent bimetric couplings. If that were the case, we could have simply used the bimetric
results and would have arrived at the Weyl invariant Bach equation in a trivial way. In this
case we would have found the bimetric parameters (5.1) in both sectors. The nontrivial
part in our analysis is that the split of the Einstein tensor and βf0 term in the gµν equations
connects the two sets of parameters in the fµν and the hµν coupling. As a result, we arrived at
parameter values that are different from the bimetric ones and the nontrivial and remarkable
result is that they coincide with the parameters obtained by demanding scale invariance on
the proportional solutions.
Our results suggest a deeper connection of scale and Weyl invariance in spin-2 inter-
actions. In general, a Weyl invariant theory is also scale invariant because the local gauge
symmetry of course implies the global invariance. The reverse statement however is not auto-
matically true. In our case, the implications in any direction are not that obvious because we
are dealing neither with a fully Weyl invariant nor fully scale invariant action. We merely see
these symmetries emerge for some particular solutions to the equations of motion and, on top
of that, the Weyl transformations only appear at lowest order in a perturbative expansion and
never leave the full solutions invariant. It is therefore not at all clear why both symmetries
are found in exactly the same set of trimetric models and it would be interesting to develop
a better understanding of the underlying reasons for this connection.
We furthermore saw that, just as in bimetric theory, the models specified by (4.36) con-
tain a partially massless (PM) spin-2 mode in their mass spectrum. It thus seems that the
additional structures are also related (but not equivalent) to the presence of the corresponding
gauge symmetry in the linear theory.9 At first sight this may not come as a surprise consid-
ering that the Weyl invariant theory of conformal gravity with equation of motion Bµν = 0
also contains a PM field. But in our case the Bach tensor only emerges at lowest order in
a perturbative series and the connection to the presence of linear PM fields is not obvious.
Moreover, in multimetric theory the massless and the PM field are healthy, while the massive
fields correspond to Higuchi ghosts. One may therefore argue that the theories in this respect
9Note that simply imposing the Higuchi bound (1.4) for one of the massive modes only fixes one interaction
parameter and does therefore not uniquely single out the models with additional structures.
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are on the same footing as conformal gravity which inevitably contains a ghost.
It is possible that the identified models extend part of the PM gauge symmetry beyond the
linear theory in a way that is not yet fully understood. This is definitely the case for the pro-
portional backgrounds with parameters (4.36) whose scale invariance can be regarded as the
constant part of the linear PM transformations (1.5), transferred to the background level [51].
At this stage we can only speculate, but in principle PM fields could help in addressing the
cosmological constant problem [74]. This is due to the fact that partial masslessness relates
the background curvature to the spin-2 mass whose value is protected against receiving large
quantum corrections by the diffeomorphism invariance of the massless theory. It is therefore
possible that, in a nonlinear theory with enhanced symmetry, also the cosmological constant
could assume a naturally small value. However, as already stated in the beginning of sec-
tion 4.1, our setup involving only spin-2 degrees of freedom most likely cannot describe the
nonlinear interactions of PM fields. Nevertheless, nonlinear theories involving PM fluctu-
ations around de Sitter solutions are therefore an interesting subject that deserves further
exploration.
In summary, our work revealed that certain properties of bimetric theory carry over to
the multimetric case and it is therefore unlikely that these are simply structural coincidences.
As a result, we believe that it is worth studying this issue further in order to develop a
full understanding of the additional structures and symmetries present in multiple spin-2
interactions.
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A Perturbative expansion of equations
This appendix contains the derivation of the effective equations and constraints on the inter-
action parameters in the trimetric case, as discussed in section 4.2.1.
A.1 The effective equations for fµν and hµν
Using the ansatz (4.24) in the equations of motion for fµν , the lowest orders in the solution
for S−1 are determined to be of the following form,
(S−1)µν = bδ
µ
ν +
b
σ1µ2f
Pµν +
bσ2
(σ1)3µ4f
[
(P 2)µν − TrP Pµν + 13e2(P )δµν
]
+O
(
P 3
µ6f
)
, (A.1)
where all expressions on the right-hand side are in terms of fµν . The suppressing mass scale
is µf = m/αf , the expansion coefficients are given in terms of linear combinations of the β
f
n
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parameters,
σn ≡
3∑
k=n
(
3− n
k − n
)
bkβfn−k , n = 1, 2, 3 , (A.2)
σ0 ≡ βf4 + 3bβf3 + 3b2βf2 + b3βf1 , (A.3)
and b is the solution to the polynomial equation σ0 = 0. We can then use gµν = fµρ(S
−2)ρν
to arrive at the perturbative solution for gµν ,
gµν = b
2fµν +
2b2
σ1µ2f
Pµν +
b2(σ1+2σ2)
σ31µ
4
f
PµρP
ρ
ν +
2b2σ2
σ31µ
4
f
[
1
3e2(P )fµν − TrP Pµν
]
+O
(
P 3
µ6f
)
. (A.4)
Next we would like to use this expression (and the analogous one derived from the hµν
equation) to eliminate gµν from its own equation of motion. As outlined in section 4.2.1, we
split up the Einstein tensor in the gµν equations in the following way,
Gµν(g) = A′Gµν(g) + (1−A′)Gµν(g) , (A.5)
with 0 < A′ < 1, and replace gµν by (A.4) in the first term. This gives,
A′Gµν(g) = A′Gµν(f)− A′σ1µ2f
(
∇2Pµν +∇µ∇νP −∇ρ∇µPρν −∇ρ∇νPρµ
+ 3PPµν − fµν
[
PαβPαβ +
1
2P
2
] )
+O
(
P 3
µ4f
)
= A′Gµν(g) + A′σ1µ2fBµν
+ A
′
σ1µ2f
(
2PµρP
ρ
ν − 3PPµν + 12fµν
[
PαβPαβ + P
2
] )
+O
(
P 3
µ4f
)
. (A.6)
Here we have collected some of the terms with four derivative into the Bach tensor,
Bµν ≡ −∇2Pµν −∇µ∇νP ρρ +∇ρ∇µPνρ +∇ρ∇νPµρ − 2PµρP ρν + 12fµνP ρσPρσ . (A.7)
Recall that in the potential contributions we can set βh0 = 0 in order to remove its degeneracy
with βf0 . The corresponding term which enters only the gµν equations is then of the form
βf0 gµν . For this term, which also depends on gµν alone, we do a similar split,
βf0 = B
′βf0 + (1−B′)βf0 , (A.8)
with 0 < B′ < 1 and use only the first term for the replacement in terms of fµν curvatures.
The contributions from the interaction potential to the gµν equation evaluated on (A.4) then
become,
m2Vµν(g, f ;β
f
n) =
m2Ω
b2
fµν +
α2f
b2
Gµν(f) + 2α
2
fΩ
b2σ1
Pµν
+
α2f
b2σ31µ
2
f
[
κ1P
ρ
µPρν + κ2PPµν +
1
6fµν(κ3P
αβPαβ − κ2P 2)
]
+O
(
P 3
µ4f
)
.
(A.9)
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The expansion coefficients are given by,
κ1 = 2σ
2
1 + Ω
′(σ1 + 2σ2) , κ2 = −3σ21 − 2σ2Ω′ , κ3 = 3σ21 − 2σ2Ω′ , (A.10)
where we have defined,
Ω′ = bβf3 + 3b
2βf2 + 3b
3βf1 +B
′b4βf0 . (A.11)
Combining the kinetic and potential terms, we can write the first part of the gµν equation of
motion as a higher-derivative equation for fµν ,
Ω′
b2
fµν +
1
µ2f
[
1
b2
+ 1
α2f
A′
]
Gµν(f) + 2Ω′b2σ1µ2f Pµν
+A′
α2f
µ4fσ1
Bµν +
α2fΩ
′
b2σ31µ
4
f
[
(σ1 + 2σ2)P
ρ
µ Pρν − 2σ2PPµν − σ23 fµν
(
PρσP
ρσ − P 2) ]
− 1
σ1µ4f
[
α2f
b2
+A′
] [
3PPµν − 2P ρµ Pρν −
1
2
fµν(P
2 − PαβPαβ)
]
+O
(
P 3
µ6f
)
+
(
hµν terms
)
= 0 , (A.12)
The hµν terms, obtained from solving the hµν equations perturbatively for gµν and eliminating
gµν in the remaining terms of its equations, have the exact same structure.
A.2 The effective equations for gµν
We start by deriving perturbative solutions fµν and hµν from the gµν equations. First we
have to split the ambiguous terms in the following general way,
Gµν(g) = AGµν(g) + (1−A)Gµν(g) , βf0 = Bβf0 + (1−B)βf0 , (A.13)
with 0 < A < 1 and 0 < B < 1. Then we treat the equations as if they were two decoupled
bimetric interactions. In terms of µ2 = m2/A, we obtain a perturbative solution for S =√
g−1f of the form,
Sµν = aδ
µ
ν +
a
s1µ2
Pµν +
as2
s31µ
4
[
(P 2)µν − TrP Pµν + 13e2(P )δµν
]
+O
(
P 3
µ
)
. (A.14)
Here the suppressing mass scale is µ = m/A, we have introduced a new set of linear combi-
nations of the βn parameters,
sn ≡
3∑
k=n
(
3− n
k − n
)
akβfk , n = 1, 2, 3 , (A.15)
s0 ≡ Bβf0 + 3aβf1 + 3a2βf2 + a3βf3 , (A.16)
and a is the solution to the polynomial equation s0 = 0. We can then use fµν = gµρ(S
2)ρν to
arrive at the perturbative solution for fµν ,
fµν = a
2gµν +
2a2
s1µ2
Pµν +
a2(s1+2s2)
s31µ
4 (P
2)µν +
2a2s2
s31µ
4
[
1
3e2(P )δ
µ
ν − TrP Pµν
]
+O
(
P 3
µ6
)
. (A.17)
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Next we use this expression to eliminate fµν from its own equations of motion. The com-
putation is completely analogous to the one in the previous subsection and we arrive at the
following effective higher-derivative equations for gµν ,
Ω
a2α2
gµν +
1
µ2
[
1
A +
1
a2α2
]
Gµν + 2Ωa2α2s1µ2 Pµν
+ 1
µ4s1
Bµν +
Ω
a2α2s31µ
4
[
(s1 + 2s2)P
ρ
µ Pρν − 2s2PPµν − s23 gµν
(
PρσP
ρσ − P 2) ]
− 1
s1µ4
[
1
A +
1
a2α2
] [
3PPµν − 2P ρµ Pρν −
1
2
gµν(P
2 − PαβPαβ)
]
+O
(
P 3
µ6
)
= 0 , (A.18)
Again we have collected some of the terms with four derivative into the Bach tensor Bµν
defined in (A.7). Moreover, we have used the abbreviation,
Ω = aβf1 + 3a
2βf2 + 3a
3βf3 + a
4βf4 . (A.19)
Using the remaining parts of the gµν equations to obtain a perturbative solution for hµν , we
can derive another set of effective equations for gµν from the hµν equations. These have the
exact same structure as (A.18).
A.3 Parameter constraints
Now we demand the lowest order of the effective equations (A.12) and (A.18) as well as its
analogue obtained from the hµν equations to consist of the Bach tensor alone. From (A.18)
we get the constraints,
a2 = − A
α2f
, Ω = 0 . (A.20)
Since A > 0, the first of these implies that a = ±i√A/αf . Evaluated on this imaginary value
for a, the second condition becomes a complex equation whose real and imaginary parts give,
α2fβ
f
1 = 3Aβ
f
3 , 3α
2
fβ
f
2 = Aβ
f
4 . (A.21)
From s0 = 0, which is the defining equation for a, we furthermore get the relations,
3α2fβ
f
1 = Aβ
f
3 , α
2
fBβ
f
0 = 3Aβ
f
2 . (A.22)
Together these imply the following four relations,
βf1 = β
f
3 = 0 , 3α
2
fβ
f
2 = Aβ
f
4 , Bα
2
fβ
f
0 = 3Aβ
f
2 . (A.23)
Requiring the Bach tensor to constitute the lowest order in (A.12) gives the conditions,
b2 = −α
2
f
A′
, Ω′ = 0 . (A.24)
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Using the above result, βf1 = β
f
3 = 0, and the first of these conditions, we find that the second
reduces to,
3A′βf2 = α
2
fB
′βf0 . (A.25)
Moreover, the defining equation for b is σ0 = 0 from which it follows that,
3α2fβ
f
2 = A
′βf4 . (A.26)
Comparing the last two expressions with (A.23) we find that the splits of the gµν equations
must be equal,
A = A′ , B = B′ . (A.27)
Next, we turn to the hµν terms in (A.12) for which, since (1−A) > 0, things work exactly as
above. The resulting constraints therefore read,
βh1 = β
h
3 = 0 , 3α
2
hβ
h
2 = (1−A)βh4 , 3(1−A)βh2 = α2h(1−B)βh0 . (A.28)
These conditions together with (A.23) imply that the gµν equations must be split according
to,
A =
3α2fβ
f
2
βf4
, B =
9(βf2 )
2
βf0 β
f
4
. (A.29)
In addition we finally arrive at the following constraints on the interaction parameters,
βf1 = β
f
3 = β
f
1 = β
f
3 = 0 , (A.30a)
α2fβ
h
4β
f
0 + 9α
2
hβ
h
2β
f
2 − 9α2f (βh2 )2 − 3βf2βh4 = 0 , (A.30b)
3α2fβ
f
2β
h
4 + 3α
2
hβ
h
2β
f
4 − βf4βh4 = 0 , (A.30c)
which are exactly identical to those found in section (4.1.1).
B The chain coupling
Here we briefly discuss the proportional background solutions and the corresponding linearised
equations for N fields in a chain coupling. In the equations of motion (2.10) we make the
proportional ansatz,
gi−1µν = c
2
i g
i
µν , i = 2, . . . , N . (B.1)
The equations reduce to the following N copies of Einstein’s equations,
Gµν(gi) + giµν
( 1
α2i
Λ(β(i)n , ci) + c
−2
i+1Λ˜(β
(i+1)
n , ci+1, αi)
)
= 0 , i = 2, . . . N − 1 ,
Gµν(g1) + g1µν c−22 Λ˜(β(2)n , c2, α1) = 0 ,
Gµν(gN ) + gNµν
1
α2N
Λ(β(N)n , cN ) = 0 , (B.2)
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where the cosmological constants are of the same functional form as in (3.6). The consistency
conditions arising from the scale invariance of the Einstein tensor are,
( 1
α2i
Λ(β(i)n , ci) + c
−2
i+1Λ˜(β
(i+1)
n , ci+1, αi)
) i∏
k=2
c−2k = c
−2
2 Λ˜(β
(2)
n , c2, α1) , i = 2, . . . N − 1 ,
1
α2N
Λ(β(N)n , cN )
N∏
k=3
c−2k = Λ˜(β
(2)
n , c2, α1) . (B.3)
The main complication with respect to the centre coupling arises because the proportionality
constants appear in mixed and higher powers in these constraints.
Next we consider small perturbations, giµν = g¯
i
µν + δg
i
µν . Expressing all quantities with
respect to the background metric g¯1µν ≡ g¯µν , we obtain the linearised equations around the
above backgrounds as,
α2i E¯ ρσµν δgiρσ −m2CiAi
(
δSiµν − δSig¯µν
)
+ m
2CiAi+1
c2i+1
(
δSi+1µν − δSi+1g¯µν
)
= 0 ,
i = 2, . . . , N − 1 , (B.4a)
α21E¯ ρσµν δg1ρσ + m
2A2
c22
(
δS2µν − δS2g¯µν
)
= 0 , (B.4b)
α2N E¯ ρσµν δgNρσ −m2CNAN
(
δSNµν − δSN g¯µν
)
= 0 . (B.4c)
Here the kinetic operator is the same as in (3.10) and, for i = 1, . . . , N , we have defined the
linear combinations of fluctuations,
δSiµν ≡
1
2ci
(
δgi−1µν − c2i δgiµν
)
, (B.5)
as well as the parameter combinations,
Ai ≡ β(i)1 + 2ciβ(i)2 + c2iβ(i)3 , Ci ≡
i∏
k=2
c−2k . (B.6)
Deriving the mass spectrum (i.e. diagonalising the mass matrix analogous to (3.33)) is difficult
in general. Nevertheless, we have verified that it always contains a massless spin-2 mode, as
expected.
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